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Abst ract - - In  this paper, we investigate the existence results of solutions for a class of gener- 
alized nonlinear variational inequalities (GNVI) with nonmonotone s t-valued operators defined on 
noncompact sets in locally convex Hausdorff topological vector spaces. Results that generalize the 
corresponding recent results of Chang and Zhang are derived. 
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1. INTRODUCTION AND PREL IMINARIES  
Let (I) denote a scalar field (either the real field or the complex field). Let E,  F be vector spaces 
over ~,  and X be a nonempty  subset of E.  Let (, / : F × E --* • be a bi l inear functional. Given 
a mapp ing  T : X --* F ,  the classical variational inequality problem, denoted by VI (T, X) ,  is to 
find an ~ E X such that  
Re (T~, ~ - Y/ -< 0, for all y E X. 
This  problem has been extensively studied in finite and infinite dimensional spaces as well as 
abst ract  spaces. See, e.g., [1-10] and the references therein. When T is mult ivalued, VI (T, X)  
becomes the generalized variational inequality problem, denoted by GVI  (T, X) ,  (see [11]) which 
is to find ~ and ~ E T& such that  
Re (T~,  & - y) < 0, for all y E X. 
In this paper,  we shall investigate the following problem which is an extension of the above 
problems. Given T : X --* 2 F, g : X ---* E and b : X x X --* R, the generalized nonlinear 
variational inequality problem, denoted by GNVI  ( T, g, b, X) ,  is to find an & E X and a d~ E T& 
such that  
Re (~, g (~) - g(Y)l + b (~, ~) - b (~, y) <_ O, for all y E X. 
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The problem (GNVI) has been studied in [12] where E is a locally convex topological vector 
space, and F is a topological vector space. In this paper, we shall study the (GNVI) where F is 
endowed with the ~ (F, E)-topology defined as follows. 
DEFINITION 1. [13, p. 52-53]. Let E be a topological vector space over • with local base M.  
(i) A sequence {xn} C E is bounded if A,xn ~ O, whenever An ~ 0 in • where 0 is the zero 
vector of E. 
(ii) A subset B of E is bounded if every sequence in E is bounded. 
REMARK 1. We note that B is bounded exactly when B is absorbed by every neighborhood 
in A4, that is, given U E A4, AB C U for sufficiently small [A[, A E ¢ [13, p. 53]. 
Let E and F be vector spaces. For any nonempty subset B of E and e > 0, let 
U (B'~) =- { f E F : sup [(f'x)[ < c}  
It  can be checked that the family 
/4 - {U (B,e) : B is nonempty bounded subset of E and e > 0} 
forms a base at 0 for a topology of F. If F is endowed with the topology ~/(F, E) generated by 
the family/4, then F becomes a topological vector space. Throughout his paper, the underlying 
space F of the problems (GNVI) are endowed with the topology 7/(F, E). 
A nonempty subset A of E is said to be compactly closed (open), if for each nonempty compact 
subset D of E, A M D is closed (open) in D. 
DEFINITION 2. [14, p. 11, Definition 2]. Let E be a topological vector space. Let w : E --* RO{cx)} 
be a real-valued function. 
(i) w is lower semicontinuous (l.s.c.) on E if for each point ~ E E, we have 
l iminf w(x) >_ w(2). 
(ii) w is upper semicontinuous (u.s.c.) on E i f -w  is l.s.c, on E. 
We recall the following definitions. 
DEFINITION 3. [14, p. 108, Definition 1]. Let E and F be topological vector spaces. Let T : 
E -~ 2 F be a set-valued mapping. 
(i) The mapping T is said to be upper semicontinuous (u.s.c.) at xo E E if, and only if, for 
any neighborhood V of 0 in F, there exists a neighborhood U(xo) of xo in E such that 
Tx C Txo + V for all x E U (x0). 
(ii) The mapping T is said to be u.s.c, on E if it is u.s.c, at every x E E. 
A function ~ : X x X --* R U {-t-oo} is said to be O-diagonally concave in the second argu- 
ment [15], if for any finite subset {x l , . . . , xn}  of X and nonnegative numbers A1,.. . ,An with 
n A ~-~i=1 i -- 1, we have 
n 
x,) < 0, 
i=1 
where • = :~-~=1 Aixi. Given mappings T : X -* 2 F and g : X --~ E, F and g are said to have 
O-diagonally concave relation [16] if the function qa : X x X --* R U {q-c~} defined by 
~(x, y) = inf Re (w,g (z) - g (y)) 
wETx 
is 0-diagonally concave in y. Note that "coA" denotes the convex hull of the set A. 
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2. MAIN  RESULTS 
Before we state our main results in Theorems 1 and 2, we need the following lemmas. 
LEMMA 1. [17, Theorem 3"]. Let X be a nonempty convex subset of a topological space, and 
T : X --* 2 x be a set-valued mapping satisfying the following conditions: 
(i) for each y E X ,  T - ly  = {x E X : y E Tx} is compactly open in X ;  and 
(ii) there exist a nonempty compact convex subset K of X and a nonempty compact subset D 
of X ,  such that for each y E X \ D, there is an x E co(K U (y}) with x E coTy. 
Then there exists an :~ E X such that & E coT~. 
LEMMA 2. [18, Lemma 2]. Let E be a locally convex Hausdorff topological space, X a nonempty 
convex subset of E, and D a nonempty compact subset of X .  If  T : X --* 2 ° satisfies the 
following conditions: 
(i) coTx C D, for all x E X;  and 
(ii) for each y E X ,  T-Xy is an open subset orE,  
then there exists an ~ E X such that ~: E coT&. 
LEMMA 3. Let E be a topological vector space over ~, F be a vector space over ~ with ~ ( F ,E) -  
topology, and X be a nonempty bounded subset orE.  Let T : X ~ 2 F be an upper semicontin- 
uous mapping with compact values ( , )  : F x E --~ • be a bilinear functional such that for each 
f E F, x ~--~ Re(f, x) is u.s.c., and g : X --* E be continuous uch that g maps bounded sets into 
bounded sets. For each y E E, let Hu : X --* R be defined by 
Hy(x)-- inf Re(w,g(x)-g(y)), fo ra l l xEX ,  
wETx 
then Hy(x) is lower semicontinuous. 
PROOF. For the proof of Lemma 3, we shall show that for any x0 E X and e > 0, there exits an 
open neighborhood N(xo) of x0 such that for any x E N(xo), we will have 
U~(x) >_ H~ (xo) - ~. 
We divide the proof into the following three steps. 
(i) Letting 
V = { f  E F : sup ' ( f 'g (x ) -g (Y ) "  < 3}  
we have that V is an open neighborhood in F, since X is a bounded subset of E and g(X)  
is bounded. Furthermore, for any f E Txo, f + V is an open neighborhood of f ,  so that 
Txo+V= U (.f÷V), 
fETxo 
is also an open neighborhood of Txo. Therefore, by the upper semicontinuity of T at x0, 
there exists an open neighborhood No(xo) of x0 such that for any x E No(xo), we have 
Tx C Txo + V. (1) 
(ii) For each u E Txo, we let 
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Since both X and g(X)  are bounded, Vu is an open neighborhood ofu in F, and {Vu}ueTx o 
forms an open cover of Txo. By the compactness of Txo,  there exists {u l , . . . ,  un} C Txo, 
such that 
n 
Txo C ~.J V~,,. 
For each i e {1, . . . ,n} ,  the function x ~ ~ Re(ui ,g(x))  is u.s.c., so there exists an open 
neighborhood Ni(xo) of x0 in X such that 
c 
Re(u~,g(z)) >Re(u~,g(xo) )  3' fo ra l l xeN~(xo) .  (2) 
(iii) Let g(xo)  n = n~=o N~(xo). Then, N(xo)  is an open neighborhood of x0 in X. Now, we 
shall prove that N(xo)  satisfies our requirement. Indeed, for any x E N(xo) ,  we have the 
following fact. For each w E Tx,  since x E N(xo)  C No(xo), it follows from (1) that there 
exists u E Txo such that w - u E V. Then, 
IRe (w,g(x)  - g(y)) - Re (u,g(x) - g(y))] = IRe (w - u ,g(x)  - g(y))] 
(3) 
_< I (w-~,g(~) -  g(y))l < ~. 
n Y~ ° . . ,  On the other hand, since u E Txo C [.Ji=l u~, there exists k E (1, n} such that 
u E V~ k. Therefore, we have 
IRe (u - uk ,g(x)  -- g (x0))I < 5" 
Noting u E V, k , it follows from (2) that 
Re (uk,g(x) - g (xo)) > --~. 
Now, for arbitrary w E Tx ,  it follows from (3)-(5) that 
E 
Re(w,g(x) -g(y))  > Re(u,g(x) -g(y))  3 
= Re (u, g (xo) - g(y)) T Re (u, g(x) - g (xo)) 3 
= Re (u, g (xo)  - g (y ) )  + Re  (u  - uk,  g (x )  - g (z0)) 
+ Re(~k,g(x) - g(x0)) 3 
> Re(u ,g (xo)  -g (y ) )  3 3 3 
= Re (u ,g  (~o)  - g (y ) )  - c. 
Therefore, 
Re(w,g(x ) -g (y ) )> inf Re(v ,g (xo) -g (y ) ) -c .  
vETxo 
Consequently, 




from which it follows that 
g~(x) ~H~(x0) -6 .  
The proof is now complete. 
REMARK 2. When g is an identity mapping, Lemma 3 collapses to [18, Lemma 3]. 
We also need the following Kneser's minimax theorem [19]. 
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LEMMA 4. (Kneser) Let X be a nonempty convex set in a vector space, and let Y be a nonempty 
compact convex Hausdorff topological vector space. Suppose that qo is a real-valued functional 
on X x Y such that for each fixed x 6 X ,  ~(x, y) is l.s.c, and convex on Y,  and for each fixed 
y 6 Y, qa(x, y) is concave on X .  Then, 
min sup qa(x, y) = sup min qa(x, y). 
y6Y x6X x6X y6Y 
We may now state and prove the main results of this paper. 
THEOREM 1. Let E be a locally convex Hausdorff topological vector space over ¢b, and X be a 
nonempty bounded convex subset of E. Let F be a vector space over (I) with r I (F, E)-topology. 
Let ( , )  : F :× E --~ • be a bilinear functional such that for each f 6 F, x ,  , Re(f, x) is u.s.c. 
on X .  Suppose that 
(i) T : X --* 2 F is u.s.c, with compact values; 
(ii) g : X ---* E is continuous uch that g maps bounded sets into bounded sets, and such 
that T and g have the O-diagonally concave relation; 
(iii) b : X x X --* R is 1.s.c. in {(x,x) [ x E X} such that for each x E X ,  b(x, .) is a convex 
function; and b is u.s.c, in its first variable; 
(iv) there exist a nonempty compact convex subset K of X ,  and a nonempty compact subset D 
of X such that for each y E X \ D, there is an x E co(K U {y}) satisfying 
x E cO{z E X :~eT~inf Re(w,g(y ) -g (z )> +b(x ,x ) -b (x ,z )  > 0} .  
Then, there exists ~ 6 X such that 
inf Re (w, g (5) - g(y)) + b (5, 5) - b (5, y) < 0, for all y e X. (6) 
w6T~ 
If, in addition, T~ is convex and g is aftine, then there exists ~v E Tk such that 
Re (~b, g (5) - g(y)) + b (~c, 3c) - b (5, y) <_ O, for all y E X. (7) 
PROOF. By the same argument of the proof of Theorem 3.1 in [12] with Lemma 3, instead of 
Lemma 2.3 in [12], we have that the conclusion (6) holds. For the second part of this theorem, 
we first claim that for each given x 6 X, the function 
S Re <S,g(x)> (S) 
is continuous. In fact, for any given f0 E F and e > 0, 
U- -  { f  e F : sup [(f'g(x)}I < 
={feF:~69(x)SUp I(f,y)l < e}  
is an r/(F, E)-open neighborhood of 0 in F, and 
V= fo+U 
=(  f E F : sup l ( f  - f°'g(x))l < 
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is an ~/(F, E)-open neighborhood of f0 in F. Thus, for each f • V, we have 
IRe (f, g(x)) - Re (fo, g(x))[ = [Re ( f  - f0, g(x))[ 
-< I(/-/o,g(~))l 
and therefore, the map in (8) is continuous on F. Now, we define a real functional ~ : X x T& -* R 
by 
~v(x, w) = Re (w, g (5) - g(x)) + b (5, 5) - b (5, x),  for (x, w) E X × T&. 
We observe that for each x • X, w ~ * ~(x, w) is a continuous affine functional, and for each 
w • T~, x , ) ~(x, w) is concave since ( , )  is bilinear, g is affine and b(~, x) is convex in x. 
Moreover, since X is convex and T~: is compact convex, we have by Lemma 4 
min sup ~(x,w) = sup min ~(x, w). 
wET~ xEX xEX wET~ 
By using the first part of Theorem 1, we get 
rain sup {Re (w, g (5) - g(y)) + b (5, 5) - b (5, y)} < 0. 
wET~ yEX 
Since T~ is compact, there exists a ~b E T(~) such that 
sup {Re (@, g (5) - g(y)) + b (:~, 5) - b (re, y)} 
yEX 
= min sup {Re (w, g (5) - g(y)) + b (5, 5) - b (:~, y)}, 
wET~ yEX 
and hence, 
Re (~b, g (5) - g(y)) + b (5, 5) - b (5, y) <_ O, 
Therefore, the conclusion (7) holds. The proof is now complete. 
for all y E X. 
| 
By the same argument as that in the proof of [12, Theorem 3.2], we can prove the following 
theorem. 
THEOREM 2. Let E be a locally convex Hausdorff topological vector space over 4,  and X be a 
nonempty  bounded convex subset of  E. Let F be a vector space over q~ with 71 ( F, E)-topology. 
Let  ( , )  : F × E --* q) be a bilinear functional such that for each f E F, x ~ ~ Re(f, x) is u.s.c. 
on X .  Suppose that 
(i) T : X --+ 2 F is u.s.c, with compact values; 
(ii) g : X -* E is continuous uch that g maps bounded sets into bounded sets, and for each 
f E F ,  x ,  ~ (f,  g(x)) is a convex functional; 
(iii) b : X x X -* R is l.s.c, in {(x, x) [ x E X} such that for each x E X ,  b(x, .) is a convex 
function; and b is u.s.c, in its first variable; 
(iv) there exists a nonempty  compact subset D of  X such that for each x E X \ D 
inf Re (w, g(y) - g(x)) + b(y, y) - b(y, x) < O, for all y E X. 
wETy 
Then, there exits ~ E X such that 
inf Re (w, g (5) - g(y)) + b (5, :~) - b (5, y) < O, 
wET~ 
for all y E X. 
REMARK 3. Theorem 2 generalizes [18, Theorem 1], where g is an identity mapping, and for all 
y E X, b(., y) is a constant real functional. 
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